Abstract. We apply the probabilistic coupling approach to establish the spatial regularity of semigroups associated with Lévy type operators, by assuming that the martingale problem of Lévy type operators is well posed. In particular, we can prove the Lipschitz continuity of the semigroups under Hölder continuity of coefficients, even when the Lévy kernel corresponding to Lévy type operators is singular.
Introduction and Main Results
We consider the following Lévy type operator ( 
1.1)
Lf (x) = f (x + z) − f (x) − ∇f (x), z 1 B(0,1) (z) c(x, z) ν(dz),
where ν is a Lévy measure, i.e., ν({0}) = 0 and (1 ∧ |z| 2 ) ν(dz) < ∞, and (x, z) → c(x, z) is a continuous function such that c(x, z) ∈ (c * , c * ) for some constants 0 < c * ≤ c * < ∞. The operator L is a non-local version of the classic second order elliptic operator with non-divergence form, and it has been attracted a lot of attentions in the community of analysis and PDEs, see, e.g. [11, 12] . In the probability theory, L is corresponding to an infinitesimal generator of a large class of Feller processes, see the monographs [9, 23] . The operator L is also connected with the following pure jump process on R d :
z1 [0,c(J t− ,z)] (r) N(dz, dr, dt)
z1 [0,c(J t− ,z)] (r) N(dz, dr, dt), t ≥ 0, 2) where N(dz, dr, dt) is a Poisson random measure on R d × [0, ∞) × [0, ∞) with intensity measure ν(dz) dr dt, and N(dz, dr, dt) = N(dz, dr, dt) − ν(dz) dr dt is the compensated Poisson random measure. See [17, 18, 34, 35] for more details. The pure jump process of the form as (J t ) t≥0 has been found very useful in applications; for instance, (J t ) t≥0 plays a crucial role as the control when proving Freidlin-Wentzell type large deviation for stochastic differential equations with jumps via weak convergence approach, see e.g. [10] .
The aim of this paper is to establish the spatial regularity of semigroups associated with the operator L given by (1.1). We will adopt the probabilistic coupling approach, which recently has been extensively studied in [20, 21, 22, 33] . To study analytic properties for Lévy type operators via probabilistic method, as one of the standing assumptions, the existence of a strong Markov process associated with Lévy type operators was assumed. For example, see [5, 6, 7, 21, 33] , where the strong Markov property played an important role. Similarly, throughout this paper we shall assume that the martingale problem for (L, C 2 b (R d )) is well posed (see Section 2.2 below for its definition). In particular, there is a strong Markov process X := ((X t ) t≥0 , (P x ) x∈R d ), whose generator is just the Lévy type operator L. Below, for any f ∈ B b (R d ) (the set of bounded measurable functions on R d ), let
be the semigroups corresponding to the operator L.
To state the contribution of our paper, we consider the following Lévy measure partly motivated by [14] . (Actually, the paper [14] treated Lévy kernel case but with a fixed order, see [14, (1.2) ].) Suppose that there are constants c 1 , c 2 > 0 and
with ξ ∈ S d−1 and constant δ ∈ (0, 1).
Theorem 1.1. Under the assumption (1.3), we define for any r > 0,
Then the following statements hold.
(1) If α 1 ∈ (1, 2) and
(2) If α 1 ∈ [1, 2) and
w(r)r α 1 −2 log(1/r) = 0, then, for any θ > 1 {α 1 =1} , there exists a constant C > 0 such that for all
(3) If α 2 ∈ (0, 1) and
Note that, the continuity assumptions on w(r) in the theorem above are weaker than those on the function x → c(x, z) (uniformly with respect to z). The latter was used to study the Hölder continuity of solutions to a class of second order non-linear elliptic integro-differential equations in [3, Theorem 3.1] . See also [2, Section 4.2] for more details. We also mention that similar assumptions (but a little stronger) on w(r) have been adopted to study the pathwise uniqueness of solution to stochastic differential equations driven by the pure jump process (J t ) t≥0 of the form (1.2), see [17, 
where B r (0) = {z ∈ R d : |z| < r} and 0 ≤ β < α 2 . If assumptions in any assertion of Theorem 1.1 hold, then u is a polynomial of degree at most ⌊β⌋, where ⌊x⌋ denotes the integer part of x.
Perturbation result.
To further illustrate the power of the coupling approach, we next give a perturbation result corresponding to Theorem 1.1. Below we will consider the following Lévy type operator
where c(x, z) and ν(dz) are assumed same as those in the beginning of this section, and µ(x, dz) is a Lévy kernel on R d satisfying that
is continuous. We assume that the martingale problem for (L * , C
Clearly, the operator L * is just the operator L perturbed by the Lévy kernel µ(x, dz). We emphasize that, we do not assume that the Lévy kernel µ(x, dz) is absolutely continuous with respect to the Lebesgue measure.
For any r > 0, we define
then w µ (r) above is replaced by 
Then
(1) the first assertion of Theorem 1.1 holds, if α 1 ∈ (1, 2) and (1.5) holds with w * (r) replacing w(r). (2) the second assertion of Theorem 1.1 holds, if α 1 ∈ [1, 2) and (1.6) holds with w * (r) replacing w(r). (3) the third assertion of Theorem 1.1 holds, if α 2 ∈ (0, 1), (1.9) is satisfied, and (1.7) holds with w * (r) replacing w(r).
The remainder of this paper is arranged as follows. The next section is devoted to the construction of a new coupling operator for the Lévy type operator L given by (1.1), and the existence of coupling process on R 2d associated with the constructed coupling operator. In Section 3, we first present some preliminary estimates for the coupling operator, and then give general results for the regularity of associated semigroups, by making full use of the coupling operator and the coupling process constructed in Section 2. Finally, the proofs of all results above are given in the last part of Section 3.
Coupling operator and coupling process for Lévy type operators
This section is split into two parts. We first present a new coupling operator for the Lévy type operator L given by (1.1), and then prove the existence of coupling process on R 2d associated with the constructed coupling operator.
2.1.
Coupling operator for Lévy type operator. The construction below is heavily based on the refined basic coupling for stochastic differential equations driven by additive Lévy noises first introduced in [22] . See [20] for the recent study on stochastic differential equations driven by multiplicative Lévy noises. However, the Lévy type operator L given by (1.1) essentially is different from stochastic differential equations with jumps, and the main difficulty here is due to that the coefficient c(x, z) in the operator L depends on both space variables, which requires a new idea for the construction of a coupling operator.
For any x, y, z, u ∈ R d , define
In particular, for any x, y, z,
The function c(x, y, u, z) and the kernel µ x,y,u (dz) are crucial in the construction of the coupling operator below.
For any x, y ∈ R d and κ > 0, let
We consider the jump system as follows
) and x, y ∈ R d , we define the following operator associated with the jumping system above
where ∇ x h(x, y) and ∇ y h(x, y) are defined as the gradient of h(x, y) with respect to x ∈ R d and y ∈ R d respectively. We will claim that
Lh(x, y) = Lf (x) + Lg(y).
Proof. The proof is similar to that in [22, Section 2.1] with slight modifications, and for the sake of completeness we present it here. Let h(x, y) = g(y) for any
Changing the variables z + (x − y) κ → u and z + (y − x) κ → u respectively and using Lemma 2.2 below in the first two terms of the right hand side of the equality above lead to
Lh(x, y)
On the other hand, if h(x, y) = f (x) for any x, y ∈ R d and any f ∈ C 2 b (R d ), then we can easily see that Lh(x, y) = Lf (x). Combining with both conclusions above yields that the operator L defined by (2.2) is a coupling operator of L.
The following lemma has been used in the proof above.
In particular,
Proof. The proof has been given in [22 
) is said to be wellposed if it has a unique solution for every initial value x ∈ R d . The definitions above are well adapted to the martingale problem for ( L, C 2 b (R 2d )) with necessary modifications. We can refer to [1, 4, 8, 13, 15, 17, 19, 24, 25, 26, 27, 28, 31] and the references therein for more details about martingale problem for non-local operators.
In order to prove the existence of the martingale problem for the coupling operator ( L, C 2 b (R 2d )), we will write the coupling operator L into the form as the expression of Lévy type operator on C 2 b (R 2d ). For any x, y ∈ R d , and A ∈ B(R 2d ), set
For any h ∈ C b (R 2d ) and x, y ∈ R d , we have
Since c(x, z) is bounded and (x, z) → c(x, z) is continuous, the function (x, y) → 
is an ( F t ) t≥0 -local martingale, where ζ is the explosion time of ( X t ) t≥0 , i.e.,
By Proposition 2.1, L is the coupling operator of L, and so both distributions of the processes (X ′ t ) t≥0 and (X ′′ t ) t≥0 are solutions to the martingale problem of L. Since we assume that the martingale problem for (L,
is well-posed, the processes (X ′ t ) t≥0 and (X ′′ t ) t≥0 are non-explosive, and so we have ζ = ∞ a.e. That is, the coupling operator L generates a non-explosive process ( X t ) t≥0 .
Let T be the coupling time of (X ′ t ) t≥0 and (X ′′ t ) t≥0 , i.e., T = inf{t ≥ 0 : 
3.
Coupling approach for regularity of semigroups 3.1. Preliminary calculations. In the following, we assume that κ ∈ (0, 1]. Let L be the coupling operator given above. We will estimate Lf (|x − y|) for any
Note that, if we define the following operator
then, following the proof of Proposition 2.1, we can see that L C is a coupling operator of L C . First, according to Lemma 2.2,
where in the last equality we used the fact that
and Lemma 2.2. Similarly, it holds that
Therefore, for any x, y ∈ R d with x = y,
where in the last equality we have used the fact that µ x,y,(
where in the inequality above
and we have used the fact that
for any r ∈ (0, ε 0 ]. We will give estimates for
We further consider the following two cases.
(i) Since for any a, b ∈ (0, 2],
we have that for any x, y, z ∈ R d with 0 < |x − y| ≤ ε 0 and |z| ≤ 1,
where the last inequality follows from the fact that
This yields that for any x, y ∈ R d with 0
then for any x, y, z ∈ R d with 0 < |x − y| ≤ ε 0 and |z| ≤ 1,
Following the same argument as that in (i), we can arrive at for any x, y ∈ R d with
Combining all the estimates above, we can get that ∞) ) such that f (0) = 0, and f ′ ≥ 0 and f ′′ ≤ 0 on (0, 2]. Let 0 < ε 0 ≤ κ ≤ 1 and J(r) be defined by (3.2). Then, for any x, y ∈ R d with 0 < |x − y| ≤ ε 0 ,
(1) it holds that
(2) if additionally (3.4) is satisfied, then
Remark 3.2. The estimates for Lf (|x−y|) consist three terms. The first one comes from the operator L C , which is a leading part for our purpose. Other two terms are due to the operator L R .
General results.
In the following, we present general results concerning the spatial regularity of semigroups.
Theorem 3.3. Assume that there is a nonnegative and
with ν z (dz) defined in (2.1), and
Then, there are constants C, ε 0 > 0 such that for all f ∈ B b (R d ) and t > 0,
,
Assume additionally that (3.4) holds. Then the conclusion above still holds, if 
β with the same constant as u.
For any M > 0, let v M (x) = v(x)1 {|x|≤M } . Then, for any x, y ∈ R d , according to Theorem 1.1(3), we have
On the other hand, under (1.3) (in particular, ν(dz) ≤ c 2 |z| d+α 2 dz), for any ε > 0 and the function h(x) = (1 + |x| 2 ) (α 2 −ε)/2 , we can check that there is a constant c 3 > 0 such that for all x ∈ R d , Lh(x) ≤ c 3 h(x), which yields that P 1 h(x) ≤ c 4 h(x). Thus, for all x ∈ B 1 (0)
In particular, taking ε = (α 2 − β)/2, we arrive at that for all x ∈ B 1 (0),
Combining with all the estimates above, for any x, y ∈ B 1 (0),
Letting M = |x − y| −θ/(β+ε) , we get that for any x, y ∈ B 1 (0), |v(x) − v(y)| ≤ c 7 |x − y| γ , where γ = εθ/(β + ε). This shows the same conclusion as [29, (2.9) ]. Furthermore, one can follow the argument of [29, Theorem 2.1] to prove the desired assertion.
Next, we present the Proof of Theorem 1.4. Let L be the operator given by (1.1), and let
Since L * is a linear operator, we can split the construction of coupling operator L * into those of L and L µ . For L, we still use the coupling operator L defined by (2.2). For L µ , we define a coupling operator L µ as follows: for any h ∈ C × (µ(y, dz) − µ(x, dz) ∧ µ(y, dz)) .
Then, we can follow the proof of Proposition 2.1 and obtain that L * := L + L µ is a coupling operator of L. Furthermore, using the assumption that for any h ∈ C 2 b (R d ), the function x → R d h(z) |z| 2 1+|z| 2 µ(x, dz) is continuous, and repeating the argument in Section 2.2, we can prove the existence of coupling process associated with the coupling operator L * above.
Next, for any 0 ≤ f ∈ C b ([0, ∞)) ∩ C 2 ((0, ∞)) such that f (0) = 0, and f ′ ≥ 0 and f ′′ ≤ 0 on (0, 2], we will adopt the arguments of (3.3) and (3.5) to obtain some similar estimates about L µ f (|x − y|). With these at hand and estimates for L in Proposition 3.1, one can obtain the desired conclusion by using Theorem 3.3 and following the proof of Theorem 1.1 line by line.
